1. Introduction. In [5] Kaniel proved a fixed point theorem for a nonlinear quasi-compact operator in a Banach space. The purpose of this paper is to generalize and simplify Kaniel's main result and its proof to a more general class of nonlinear operators which we call projectionally-compact (P-compact) and which, among others, contains completely continuous, quasi-compact, and monotone operators. From our general fixed point theorem for P-compact operators we then deduce in a simple way the fixed point theorems of Schauder [4]. Let us add that our conditions have a form which not only admits a simpler investigation but at the same time seem to be more natural and suitable for applications to numerical functional analysis. Furthermore, the method of our proof is basically constructive. In fact, we show in [9] that it is essentially the projection method of which the Galerkin method is one of its simplest realizations. The latter methods are known [8] to play an important role in the approximate solution of operator equations.
1. Introduction. In [5] Kaniel proved a fixed point theorem for a nonlinear quasi-compact operator in a Banach space. The purpose of this paper is to generalize and simplify Kaniel's main result and its proof to a more general class of nonlinear operators which we call projectionally-compact (P-compact) and which, among others, contains completely continuous, quasi-compact, and monotone operators. From our general fixed point theorem for P-compact operators we then deduce in a simple way the fixed point theorems of Schauder [il], Rothe [lO] , Krasnoselsky [ó] , Altman [l] , Kaniel [5] , and others. In case the underlying space is a Hubert space, we deduce (see also Kaniel [5] ) some theorems on strongly monotone operators obtained by Minty [7] and Browder [2] , [3] , [4] . Let us add that our conditions have a form which not only admits a simpler investigation but at the same time seem to be more natural and suitable for applications to numerical functional analysis. Furthermore, the method of our proof is basically constructive. In fact, we show in [9] that it is essentially the projection method of which the Galerkin method is one of its simplest realizations. The latter methods are known [8] to play an important role in the approximate solution of operator equations.
2. Preliminary results. Let X be a finite dimensional Banach space; let B r denote the closed ball in X of radius r>0 about the origin and let S r denote the boundary of B r . For later use we state first an essentially known fixed point theorem whose brief proof, which is based on the Brouwer fixed point theorem and the retraction mapping principle is given in [9]. Let us note that our Theorem 1 is equivalent to Theorem 1 proved in [5] by a more complicated argument. For other special cases of Theorem 1 see [9], 3. Main results for infinite dimensional spaces. In order to generalize Theorem 1 to operators defined on infinite dimensional real Banach and Hilbert spaces we assume that the Banach space X has the property that there exists a sequence {X n } of finite dimensional subspaces X n of X, a sequence of linear projections {P n } on X, and a constant K > 0 such that
In this paper we shall use the symbols "->" and "-*" to denote the strong and weak convergence in X, respectively.
For operators A defined on X or on a subset of X, we consider here only those operators^, which are bounded, 2 i.e., operators which map bounded sets in X into bounded sets in X. DEFINITION PROOF OF LEMMA 1. Let us first note that in view of (3) and the * The much more general results analogous to Theorems 2 and 4 below (to be published elsewhere) were since obtained by the author without the assumption that A be bounded. Since A is P-compact, (6) implies the existence of a strongly convergent subsequence, which we again denote by {x n }, and an element x in S r (^X such that (7) x n -> # and P w^4 # w --» ^4^.
This and (6) imply that Ax-fix = 0 for x£S r and |3^/i in contradiction to the condition (7i>) of Theorem 2. PROOF OF THEOREM 2 COMPLETED. By Lemma 1, we can use Theorem 1 for the finite dimensional spaces X n and the operators P n A. Consequently, there exists an integer N 0 >0 such that for each n^N 0 there exists at least one element u n in B r C\X n such that (8) P n Au n -jxu n = 0.
Therefore, again by the P-compactness of A, there exists a subsequence again denoted by {u n } and an element uÇz.B r C\X such that u n -^>u, P n Au n -*Au, and Au-/xw = 0. The last equation implies that uÇz(B r -Sr) since the assumption that u(ES r would lead to the contradiction of condition (7r M ). REMARK 2. It is obvious that if in Definition 1 we require p <0 instead of p>0y then we get a theorem analogous to Theorem 2. We need only consider -A instead of A and assume that for some r>0 and any JU<0 instead of the condition (ir») the operator A satisfies the condition ( [7] ) that:
A is demicontinuous if implies A A is quasi-compact if A satisfies the following conditions: (i) A is bounded, (ii) implies P m Ax n ->P m Ax for w = l, 2, 3, 4, • • • , (iii) if for some X>0 the sequence {g n } = {Ax n +\x n }, where x n is a bounded sequence, is strongly convergent, then there exists a strongly convergent subsequence {x n A of \x n ), (iv) if for some \>0 the sequence [g n } = {P n Ax n -\-\x n }, where x n is a bounded sequence with Xn&X n is strongly convergent, then there exists a subsequence {x ni } which is strongly convergent;
A is strongly continuous if x n -^x implies A Xfi ^.A. x, A is monotone increasing on the Hilbert space X -H if (^4x -.43;, x -3/) ^0 for all x and y in iJ;
A is monotone decreasing if -^4 is monotone increasing; ^4 is hemicontinuous if it is continuous from each line segment in H to the weak topology in H. The following theorem whose simple proof is given in [9] specifies the relation between the operators defined above and the class of P-compact operators. 4. Special cases. In this section we show that for the Banach space X satisfying (2) and (3) many of the known fixed point theorems are special cases of Theorem 2. Thus, we supply elementary and essentially constructive proofs of these theorems.
THEOREM S (SCHAUDER). If A is a completely continuous mapping of B r into B r , then A has a fixed point in B r .
PROOF. We may assume, without loss of generality, that A has no fixed points on S r . First, by Theorem 3(a), A is P-compact and second if Ax = ax for some x in 5 r , then the condition A(B r ) <ZB r implies that a<l. Hence by Theorem 2, A has a fixed point in (B r -S r ) .
In a similar way we also deduce 1 from Theorem 2 the following: If X is a Hubert space H and A is a monotone decreasing operator on H, then one of the first important theorems of Minty [7] says essentially that if A is continuous and ju > 0 then the operator (A -ixl) is onto. In [3], [4] Browder has proved this theorem (as well as other more general theorems) for demicontinuous and hemicontinuous operators while Shinbrot [12] established its validity for weakly continuous operators A, In view of our Theorem 3, Remark 2, and the fact noted in [5] that monotone increasing operators C= -A satisfy the condition (9), it follows 1 that these particular results of all of the above authors are immediately deducible from our Theorem 4.
